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The skeleton of an isolated null point in three dimensions consists of a ‘spine curve’
and a ‘fan surface’. Two isolated magnetic field lines approach (or recede from) the
null point from both directions along the spine, and a continuum of field lines re-
cedes from (or approaches) the null in the plane of the fan surface. Two bundles of
field lines approach the null point around the spine (one from each direction) and
spread out near the fan. The kinematics of steady reconnection at such a null point
is considered, depending on the nature of the imposed boundary conditions on the
g surface that encloses the null, in particular on a cylindrical surface with its axis
//\1;\”‘ along the spine. Three kinds of reconnection are discovered. In ‘spine reconnection’
—_ continuous footpoint motions are imposed on the curved cylindrical surface, cross-
< ing the fan and driving singular jetting flow along the spine. In ‘fan reconnection’
> 's continuous footpoint motions are prescribed on the ends of the cylinder, crossing
o L[: the spine and driving a singular swirling motion at the fan. An antireconnection
= theorem is proved, which states that steady MHD reconnection in three dimensions
= O with plasma flow across the spine or fan is impossible in an inviscid plasma with a
E @) highly subAlfvenic flow and uniform magnetic diffusivity. One implication of this is
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that reconnection tends to be an inherently nonlinear phenomenon. A linear theory
for slow steady reconnection is developed which demonstrates explicitly the nature
of the spine singularity in spine reconnection. Finally, the properties of ‘separator
reconnection’ in complex configurations containing two null points are discussed by
means of analytical examples.

1. Introduction

The problem of the breaking and reconnection of magnetic field lines in two dimen-
sions has been widely studied over the past 20 years and is now fairly well understood,
although some key questions about the details remain (Scholer 1991). The original
fast reconnection mechanism of Petschek (1964) has been generalized in two ways
to give a new generation of reconnection models. These include: families of almost-
uniform reconnection models (Priest & Forbes 1986; Jardine & Priest 1988, 1989,
1990), in which the inflow boundary velocity at large distances has a range of inclina-
tions; and families of non-uniform reconnection models (Priest & Lee 1990; Strachan
and Priest 1994), in which the inflow magnetic field is highly curved. Furthermore,
the remarkable numerical experiments of Biskamp (1986) show features such as sep-
aratrix jets and reversed current spikes at the ends of the central diffusion region,
and the scalings of his particular set of experiments have been reproduced with the
analytical models by Priest & Forbes (1992). In addition, numerical studies of Yan et
al. (1992, 1993) have, by adopting the appropriate boundary conditions, reproduced
the almost-uniform and non-uniform reconnection models.

The complex three-dimensional aspects of reconnection have just begun to be un-
derstood. Bulanov et al. (1984, 1992) have obtained self-similar solutions near a null
point. Schindler et al. (1988) and Hesse & Schindler (1988) have proposed a gener-
alization of reconnection to include all effects of local non-idealness that produce an
electric field component parallel to the magnetic field, including for example dou-
ble layers. Here we focus on one particular family of three-dimensional reconnection
models, namely those that can occur near a three-dimensional null point. In a com-
panion paper, we discuss another family, namely three-dimensional reconnection in
the absence of null points, at so-called quasi-separatrix layers (Priest & Démoulin
1995). Lau & Finn (1990) follow Greene (1988) in restricting the term reconnection
to phenomena arising in resistive MHD associated with boundary layers and isolated
null points. They introduce the concepts of null-null lines, which are magnetic field
lines linking null points; «y-lines which are isolated field lines that start from or end
at a null point; X-surfaces which are magnetic flux surfaces containing field lines that
all connect to a null point. They also consider kinematic reconnection near a single
null point and a pair of null points, in which the magnetic field is prescribed and the
electric potential (and therefore the velocity of transport of field lines) is deduced.

Priest & Forbes (1989) suggested that three-dimensional reconnection may be de-
fined to occur when there is an electric field (E)) parallel to field lines (known as
potential singular lines) which are potential reconnection locations and near which
the magnetic field has an X-type topology in a plane normal to that field line. In
general there is a continuum of neighbouring potential singular lines, and which one
supports reconnection depends on the imposed flow or electric field. Priest & Forbes
(1992) describe a process of magnetic flipping, in which reconnection takes place even
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in the absence of magnetic nulls near a singular field line. A more detailed mathe-
matical analysis of the flipping layers is given by Priest et al. (1994). In the present
paper we focus on other types of three-dimensional magnetic reconnection, namely
those that can ocur near magnetic nulls. As a background and contrast to the present
work, §2 discusses the motion of magnetic field lines in general and the application
to two-dimensional X-points and two-and-a-half-dimensional configurations in par-
ticular. Section 3 describes the nature of three-dimensional null points, and then §4
discusses two types of reconnection that may take place near them, called spine re-
connection and fan reconnection. Section 5 proves an antireconnection theorem and
gives a general solution for the linear resistive MHD equations describing slow steady
flows of plasma near a radial null point of a magnetic field. Also the implications of
such a theorem and another proof based on the general solution of the corresponding
boundary-value problem for spine reconnection are given together with a discussion
of the qualitative features of a nonlinear model. Finally, §6 extends the ideas to a
pair of null points and §7 presents the conclusions.

2. Motion of magnetic field lines
We consider ideal steady MHD flow satisfying
E+vxB=0 (2.1)
and
VxE=0. (2.2)
Thus from (2.2) the electric field may be written in terms of an electric potential ( @)
as
E=-V9o. (2.3)
The component of (2.1) parallel to B, obtained by taking the scalar product with
B, gives
B.-V$ =0, (2.4)
so that @ is constant along magnetic field lines. On the other hand, the component
of (2.1) perpendicular to B may be found by taking the vector product with B and
gives the component (v, ) of v normal to B as
ExB
B2
Finally, the component (v)|) along the field can be determined in, for example, the
case of incompressible flow from

(2.5)

v, =

V-v=0. (2.6)

Thus, if v, (and therefore @) is specified at one end of each field line, equation (2.4)

determines ¢ throughout the whole volume threaded by such field lines. Then (2.3)

determines E and (2.5) v, everywhere. If v, is singular somewhere, then non-ideal

effects such as magnetic diffusion are needed there: this may occur either when E is
singular or when B vanishes (i.e. at null points).

(a) Two-dimensional X-point
Consider the simple potential X-point in two dimensions with field components
B, =z, B,=—y. (2.7)

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

e

R
\
\\ \\
P

/

\
/[

A

P\

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

THE ROYAL A
£\

SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

2954 E. R. Priest and V. S. Titov
+— ¢+— 4

—

5

v
A

—> —> —>
Figure 1. Field lines and flow vectors (solid arrows) for a two-dimensional X-point.

If the flow is also two-dimensional with components (v, v,) that depend on z and y
alone, then (2.1) implies that the electric field

E = B(x,y)
has only a z-component, whereupon (2.2) or (2.3) imply that
E = E, (2.8)

is uniform in space. In other words (2.4) is satisfied identically and so we do not need
to follow the general procedure of mapping & along field lines (i.e. solving (2.4)) in
order to determine ¢ and therefore E.

Having found E, (2.5) determines the components of v as

Eoy on
Vg = __‘3:2 + yQ, ’ULy = _.'IIQ + yz? (29)
so that the magnitude of v, is
E E
S L — (2.10)

’UL:E ($2+y2)1/2.

It can be seen that for Ey > 0 the flow is directed inwards in the first and third
quadrants and outwards in the second and fourth, so that it carries in oppositely
directed field lines, reconnects them and carries them out in the classical manner.
Also, at the origin there is a singularity where the field goes to zero and the flow
becomes infinite. This is effectively because the field lines are being stretched indef-
initely as they approach the neutral point. As the field lines approach the origin, so
v increases like r—1.

Now if we assume incompressibility v;; may be deduced from (2.6). The resulting
components of the total velocity are (when v, = v, on y = )

Ey E

v =37, V=5, (2.11)

from which we can again see a singularity at the origin. However, there is a new

Phil. Trans. R. Soc. Lond. A (1996)
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feature, namely that vy, is singular all along the separatrices + = 0 and y = 0. This
is a plasma effect rather than a field line motion effect, namely that the plasma
elements are having to expand indefinitely all along the separatrices.

(b) Magnetic flipping
Consider next the two-and-a-half-dimensional field

B,=z, By,=-y, B,=b (2.12)

considered by Priest & Forbes (1989), where b, is constant. As before, the z- and
y-components of (2.2) imply that the z-component of the electric field

E, = Ey

is constant, but now the z-component gives one relation between the z- and y-
components, namely

0E, OE,
— =0. 2.1
Ox dy (2.13)
A second relation arises from (2.4), namely
B-E =1E, — yE, + byEy = 0. (2.14)

Eliminating E, between (2.13) and (2.14) gives a single equation for E, which
may be solved by the method of characteristics to give

Eobo

E,=—
2z

+ yF,

where F' = F(zy) is an arbitrary function of zy, constant along field lines. Then E,
follows from (2.14) as

Eobo
2y
Having determined the electric field, the plasma flow normal to the magnetic field
follows from (2.5) as
bo
x? +y2 + b3

E, = + zF.

v =

E Ey y?—x?  x?49?
— (2y% + b2 F, — (22> + b2) — yF, E, -
X <2yb0( y + O) + z 2.’L'b0( z + 0) y 0

F. (215
2zy bo > (2.15)
The interesting new feature is that, as well as v, and v, in general becoming
singular on the z-axis (z = y = 0), v, also becomes singular on the y = 0 plane
and v, on the = 0 plane; also v, becomes singular on both planes. The physical
cause is that the field lines become stretched indefinitely as they approach the z-axis.

If the extra condition that Vv = 0 is imposed, then the flow components become

_ EQ T EO

Y
— e — = — ————G P — —F - G,
Vg 5 bOG, Uy o + b v

where G = G(zy) is another arbitrary function that is constant on field lines.

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

1\

\

%A

I

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
JA
) ¥

A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

2956 E. R. Priest and V. S. Titov

(@)

3. Three-dimensional null points

Consider the simplest type of current-free null point at the origin, namely that
with field components

B,=z, B,=by, B,=-(b+1)z (3.1)

satisfying V- B = 0 and j = V x B/u = 0, where b is a positive constant and we
have set the magnetic field scale (B,) at unit distance along the z-axis equal to unity.
The field lines are given by

de dy dz

r by (b+1)2
or

y=cab, z=cpx” Y, (3.2)

where ¢; and ¢y are constants.

The field lines which link to or emanate from the null point are of two distinct
types. There is one very special field line, here the z-axis, which is isolated in the
sense that no neighbouring field lines pass through the null point. We refer to it
as the null-spine, and it is the same as Lau & Finn’s ‘y-line’ or ‘one-dimensional
manifold’. The spine passes right through the null point and the magnetic field of
the spine is directed either towards or away on both sides: thus in figure 2 the field
is negative on the positive z-axis and positive on the negative (dashed) z-axis. All
of the remaining field lines which link to the null form a surface, here the xy-plane,
and fan out from the null in the surface. We refer to this surface as the null fan: it
is the same as Lau & Finn’s ‘Y-surface’ or ‘two-dimensional manifold’.

The field lines in the null fan behave differently depending on the value of b. If
0 < b < 1, all except the z-axis itself emanate from the null point in a direction
parallel to the y-axis and then curve away from the y-axis. If b = 1, all the field lines
are straight lines. If b > 1 all except the y-axis emanate from the null point in a
direction parallel to the z-axis and then curve away from the z-axis.

Field lines which are near to the null point but don’t pass through it form a bundle
around the spine which approach the null from both sides and then spread out above
and below the fan surface. In the present example the field lines of the spine approach
the null, while those of the fan radiate out of the null. Such a null we refer to as a
positive null point, since most of the field lines passing through the null (i.e. those

Phil. Trans. R. Soc. Lond. A (1996)
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in the fan) emanate from it. For a negative null point (such as obtained by replacing
B by —B in (3.1)), most of the field lines approach the null: the field lines of the
spine both recede from the null, while all those of the fan approach it. Null points
for which the field lines of the fan spiral into or away from the null (see below) are
called spiral null points, while those for which the field lines of the fan approach or
recede from it from radial directions are called radial null points. Radial nulls for
which the field lines approach or recede from all directions are called proper (in our
case when b = 1), while those which do so from essentially only two directions are
called improper (here b # 1), following the standard nomenclature for phase plane
critical points.

Fukao et al. (1975) have studied more general null points than (3.1) (see also
Parnell et al. 1996), but the key features of possessing a null-spine and a null-fan are
also present in such null points. Close to a null at the origin, say, the magnetic field
is of the form

B=M:-r,
where M is a matrix with elements M;; = 0B;/0x;. The equation V- B = 0 implies
that the eigenvalues (A1, A2, A3) of M sum to zero

A+ A+ A3 =0.

The case when one eigenvalue vanishes is structurally unstable in the sense that
it is not generally preserved when the field is perturbed; it gives a line of X-points
when the other two eigenvalues are real and of O-points when they are imaginary.
When all three eigenvalues are real, we have a radial null point: examples of this are
when the magnetic field is potential, force-free or magnetostatic; when the current
vanishes at the null, M is symmetric and the principal axes are orthogonal so that
the fan is perpendicular to the spine. When one eigenvalue is real and the others are
complex conjugates, M is asymmetric and we have a spiral null point with a current
flowing through it; the eigenvector corresponding to the real eigenvalue is directed
along the spine; when the current in the fan vanishes, the fan is perpendicular to the
spine.

4. The nature of reconnection at a three-dimensional null point

(a) Spine reconnection

Having described above the nature of the magnetic field near a three-dimensional
null point (see also Cowley (1973), Stern (1973), Fukao (1975), Greene (1988), Lau
& Finn (1990) for more details), let us now proceed to investigate the nature of
reconnection near such a point. In doing so, we seek to determine what forms of @
are allowable from (2.4) (and therefore E and v, from (2.3) and (2.5)) and to find
how magnetic flux surfaces reconnect. As in two dimensions, we shall find that the
nature and speed of the reconnection depend on the motion of the flux sources and
therefore of the footpoints on some given boundary.

For simplicity we start with a radial null point having b = 1, for which the field
components are

B,=x, By=vy, B,=-2z (4.1)
or, in cylindrical polars,
Br=R, B,=0, B,=-2z (4.2)

Phil. Trans. R. Soc. Lond. A (1996)
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b)

()

Figure 3. Spine reconnection showing (a) field line motion in a plane ¢ = const. and (b)—(e)
the motion of flux surfaces.

Now consider the field lines in a plane ¢ = const. (figure 3a) and suppose their
footpoints on a cylindrical surface R = 1 move vertically up or down: upwards for
those on the left and downwards for those on the right. Then the field lines will simply
approach the null-point, break and reconnect as the footpoints cross the plane z = 0,
and then move away from the null point in the standard way that is familiar in two
dimensions. The other ends of the field lines on the top surface z = 1 simply move

Phil. Trans. R. Soc. Lond. A (1996)
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Magnetic reconnection 2959

from right to left through the z-axis, while those on the bottom surface move from
left to right.

Next, suppose the same process is taking place in all the other planes ¢ = constant
and consider the implications for flux surfaces that come into the cylindrical volume
|R| < 1, |z| < 1 by first crossing the boundary of the volume in the curves R = 1,
z = +£1. Clearly, since the field lines at one value of ¢ have the opposite radial
velocity from those at ¢ + 7, the whole process is modulated in ¢ and there must be
some surface (say ¢ = 0 and ¢ = 7) on which the field lines are stationary. Thus,
consider the flux surfaces in the volume 0 < ¢ < 1,0 < R < 1, 0 < 2z < 1, which
intersect the curved surface in a curve that moves downwards and the top surface
in one that moves inwards (figure 3b). The flux surface moves inwards and distorts
until it touches the origin and creates a fold along the spine (z-axis); see figure 3c.
At the same time a symmetrically placed flux surface below z = 0 and to the left
of ¢ = 0 comes in and distorts until it too touches the origin and the lower half of
the spine (in a fold). The surfaces are then cut and reconnect and a bubble expands
from the fold on the other side of the spine (figure 3d). During this process the flow
velocity in planes z = const. is radial and converges on the spine (the z-axis) and so
we expect singular behaviour there and refer to this process as ‘spine reconnection’.

In order to model the above behaviour of the field (4.2), we suppose the velocity
has only R- and z-components

v(R, ¢, 2) = vg R+ v,3. (4.3)
Then the electric field equation (2.1) implies that
E(R,¢,z) = E9,
while the components of Faraday’s law (2.2) are
OF 10
ot _ = Y (RE) =
0z 0 RBR(R )=0,
so that
Ey(¢)
E = . 4.4
" (4.4)
Equation (2.3) may then be written
E, 109
R ROy’
and so, once Ey(¢) is known, the electric potential may be deduced from
¢ =— / Eodg. (4.5)
For example, a reasonable form for Ey(¢) is
EO(¢) = Ve sin ¢,
where v, is the field line speed on the cylinder R = 1.
Finally, the field line velocity (v, ) from (2.5) has components
2Ey ()2 Eo(¢)
_ _ _ =09 4.6
VLIRS RREy 42y V=0 VT myn (4.6)

Phil. Trans. R. Soc. Lond. A (1996)
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()

0.5

1+

Figure 4. Trace of field line footpoints on (a) the curved surface R = 1 and (b) the top surface
z=1.

The magnitude of v, is

S _E_ B9
“T B R(R*+422)/2

Thus, we note that, as well as being singular at the null point where B vanishes, the
radial component of v, is singular all along the spine on the z-axis since the electric
field becomes singular there.

From (4.2) the equations of the field lines are

(4.7)

¢ = const., RZ?z = const.

Flux surfaces are envelopes of these field lines in a similar way that a caustic is
an envelope of straight lines. Suppose, in particular, that the footpoints meet the
cylindrical surface R = 1 at a height

z=1—tsin¢.
Then such field lines move (down for 0 < ¢ < 7) at speed Z = —sin ¢ and trace out
the curves shown in figure 4a. The flux surface through them is

R’z =1 —tsin¢. (4.8)
They meet the top surface z =1 in the curve

R*=1—tsin¢ (4.9)
for t < 1/sin¢ and 0 < ¢ < m. The footpoints that start from the bottom surface
z = —1 and move up between ¢ = 7 and ¢ = 27 are located on R = 1 at

z=—1—1tsin¢
and so trace out the surface
R?z = —1—tsiné¢,

Phil. Trans. R. Soc. Lond. A (1996)
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(®)

Figure 5. Spine reconnection of a curved flux tube.
which meets the top z = 1 in the curve
R?*=—1—tsing (4.10)

when —tsing > —1 and |¢p — 37/2| < —1/sin¢ . The resulting curves on the top
surface are shown in figure 4b.

Of course we may define a flux surface to be the surface formed from field lines
that pass through any curve we like. So for example if we consider a closed curve of
footpoints moving down the cylinder R = 1, then a curved flux tube will move in
and reconnect as the footpoints cross the fan surface, as shown in figure 5.

So far we have calculated the flow velocity normal to the field lines, but, as the
field lines move, the flow v|| along the field changes. It may be calculated if an extra
assumption is adopted such as incompressibility so that

V-v=0. (4.11)
However, in this case we may proceed to calculate the total plasma velocity directly

and hence by inference the parallel component. Thus, in view of (4.11), the velocity
may be written in terms of a stream function (¥) as

ow 10
=g T mar )
so that the streamlines are given by dz/dr = v,/vg or
¥ = RV = const. (4.12)

Phil. Trans. R. Soc. Lond. A (1996)
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Then the electric field equation (2.1) may be written
FE +wvgB, —v,Bgr =0,

or
ow ow
B -2 B,r=0. 4.1
E, 52 B, 5R bR 0 (4.13)
Now the magnetic field lines are given by dz/dR = B,/Bgr or
R?z = const., (4.14)

and along such field lines the solution of (4.13) is

. Eyds dR
u'/_/ 5 = b | 5

By putting Br = R and making use of (4.14) this may be integrated to give

V= %)(logR + f(R*2)).

If in particular we want R = z to be a stream line and put ¥ = 0 there, the function

f is determined to be f(u) = —3logu and the stream function becomes
Eq R
U =_—log—. 4.15
3R 108 (4.15)
This in turn determines the velocity components to be
Eqy Eq
VR =

3Rz’ ° T 3R
so that in planes ¢ = const. we have stream lines with purely inflow in the first and
third quadrants (for £y < 0) and outflow in the second and fourth.

(b) Fan reconnection

In the previous section we have given an example of how, when continuous foot-
point motions are imposed on a cylindrical surface (such as R = 1) surounding the
spine, then a singular motion is driven at the spine axis. In contrast, if we impose
continuous motions on surfaces (such as z = +1) that cut across the spine, then
singular behaviour is instead driven at the fan surface.

Suppose, for example, that the footpoints on the top surface (z = 1) move in a
straight line from right to left (figure 6a). Then the other ends of the field lines in the
curved surface R = 1 twirl around the z-axis like a swirling skirt. As the footpoint
crosses the ¢ = 0 plane on the top surface, the field line lies entirely in the plane
¢ =0.

Next consider the flux surface made of a set of such field lines whose footpoints
march across the top surface in a straight line (figure 6b). As the straight line moves
towards the spine axis, the flux surface distorts as its lower ends rotate from right to
left. In the limit when the line of footpoints meet the z-axis, the flux surface becomes
the vertical surface ¢ = 0 above z = 0, together with the horizontal half-plane z = 0,
0 < ¢ < m. At the same time a symmetrically placed flux surface to the left of ¢ = 0
and below z = 0 moves upward and becomes the vertical flux surface below z = 0
together with the half-plane z = 0, 7 < ¢ < 27. The surfaces then break from their
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Magnetic reconnection 2963

Figure 6. Fan reconnection showing (a) field line motion and (b) flux surface motion.

lines ¢ = %7r, z = 0, reconnect and move away as shown. During this process the field
lines above the fan surface (z = 0) rotate rapidly in one direction while those below
it rotate in the opposite direction. The fan therefore represents a singular surface,
which is why we are referring to this process as ‘fan reconnection’.

How do we model the above process mathematically? The magnetic field lines for
our radial null field (4.1) are given by

dz dy dz
B, B, B,
or
2
y = z—Z:v 2= —x;jo (4.16)

where xg, 1o, 20 are constants. In general we may impose the value of &, = &(zo, yo, 20)
on a surface zg = 2o (%o, Yo ), say, and then deduce @(z,y, z) as having the same value
on each field line of the form (4.16). The values of E = —V¢ and v, = E x B/B?
follow as usual. Thus a general question that arises is: what forms for @, or E can
we impose and which ones produce reconnection? In the present case the problem is
to determine what form of @, if any, makes v, = 0 and v, independent of z on
z = 1, so that the footpoints move across in a straight line. If we regard (zo,yo, 1)
as being the coordinates of such footpoints, then the equations of the field lines are

y= &:c, iz = 2. (4.17)

Lo
Thus as the point (xg,y,1) moves across the top surface with zy constant and yo
decreasing, so the other end of the field line moves along the surface of the cylinder
2? +y? =1 with z = z3/2?.
If we then impose
Py = f(zo,%) on z=1,

Phil. Trans. R. Soc. Lond. A (1996)
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2964 E. R. Priest and V. S. Titov
the relations (4.17) may be inverted to give

Ty = JI\/Z, Yo = y\/za
and so the form of @ throughout the volume threaded by these field lines is

? = f(z\/z,yV/?). (4.18)
The resulting electric field components are
of of z Of y Of
Ez:_ a9 E = - a9 Z:_——_m‘—’
zaﬂ)o Y \/z({)yo 2\/2 0:80 2\/2 ayo
and so the condition that
E,B, - E.B,
Vig = — B2
vanish on z = 1 becomes
of of
4+ y2) =L — =0. 4.19
(4 +yp) o + ZoYo g (4.19)

This equation has a general solution

2
=128,

2
)

and so the solution (4.18) becomes

4+ 1y%2
¢ = . 4.20
(L) (4.20)
Then the component
E.B, - E.B,
V=T

becomes on z =1

4 A+
’UJ_y——;g- J:(Q) .

For this to be independent of xq we put
c

and so
-z 4.22
Viy = W ( . )
on z = 1.
Thus our final solution for the potential is
22y \ /2
o=|-———-— , 4.2
<4 + y2z> (4.23)
and the corresponding electric field components are
_ 2172 ryz?/? 9py—1/2 (424)

Ea: T o N1/9° E)= —————F—7 2= 7 5. .N3/5°
@t g2 VT UG g @+ y72)"
Phil. Trans. R. Soc. Lond. A (1996)
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The resulting velocity components are

- 2zy(2% - 1)
Lz = (2% + y? + 422)(4 + y22)3/221 72

A 2(x? 4 422 + y223) (4.25)
v = (2 + Y2 + 422)(4 + y22)3/221/2° '

o = (4 + y?z + 222)y21/?
T @2y + 42 (A + y22)

From this solution we can check that, as required, v,, = 0 and v,, is a non-
singular function of y alone on the top surface z = 1, namely (4.22). As the fan
(z = 0) is approached, v, , tends to zero, but v, , and v, tend to infinity like 2712,
On the z-axis v, = 1/(42'/2)9, while on the cylinder 2% + y2? =1

1
A +42){ 1 72

2y 2
X (m (5" =) V(1 =97, 5501 - y" +42° +4727), (4 + Z)yz”2> . (4.26)

v =

5. Resolution of singularities

(a) Anti-reconnection theorem

Having described physically the process of reconnection near a null point and
determined the motion in the ideal limit, the next stage is to try and resolve the
singularities that occur at the null and along the spine and fan by the inclusion of
diffusion processes. While such a complete resolution is outside the scope of this pa-
per, we present here some powerful constraints and make some qualitative comments.
The natural procedure is simply to focus first of all on linear reconnection (Priest
et al. 1994) in which one assumes a slow flow everywhere and linearises about the
potential null-point field by writing B = By + By, E = E;, j = j1, v = v; (where
we drop the subscripts on E, 7, v in the following proof). In the process of seeking
such solutions we came across great difficulty and discovered an ‘antireconnection’
theorem which limits greatly the type of solutions that we are allowed to seek.

Theorem 5.1. Steady MHD reconnection in three dimensions with convective
plasma flow across the spine or fan of a proper radial null point is impossible in an
inviscid plasma with a highly sub-Alfvenic flow and a uniform magnetic diffusivity.

Proof. The basic equations are as follows. For resistive MHD flow Ohm’s law is

E +v x By=nj, (5.1)

where
3=V x Bi/p.

Equation (5.1) implies that

By -E=nBy-j, (5.2)
and the plasma flow normal to the magnetic field is

v, = (E —nj) x By
J_ Bg b

Phil. Trans. R. Soc. Lond. A (1996)
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2966 E. R. Priest and V. S. Titov
which for our proper radial null point with field
(Bor, Bog, Boz) = (R, 0, —2z) (5.3)
becomes
v, = %E-‘b—)(zz,o,fz). (5.4)
0

For an inviscid plasma whose flow speed is everywhere much slower than the Alfven
speed, the equation of motion reduces to the force balance

j X By = Vp’
whose curl is
V x (J X Bo) =0.
This may be expanded out (using V- j =V - B; =0) to give

(Bo-V)j=(3-V)Bo. (5.5)
The final equation is Faraday’s law for a steady process
VxE=0. (5.6)

Thus for linear reconnection at a null point with field (5.3), equations (5.4), (5.5),
(5.6) and (5.2) determine respectively the flow v, , electric current j and electric
field E.

Consider these equations first at the fan plane z = 0, where the flow (5.4) becomes

1, .
vis = (njs = Bg), (5.7)
and so we need to find js and E4. The ¢-component of (5.5) becomes
djg .
R~
which determines the azimuthal current as
Jjo = f()R.
The z-component of (5.6) relating E, and Er becomes
OE, OFER
R— +Ey=——, .
R + Ey 9% (5.8)
where (5.2) is
ER = UJR,
and the R-component of (5.5), namely
Ojr _ .
R aR - ]R?
determines jr as
jr =g(9)R.
Thus (5.8) may be solved to give
h(¢)

Phil. Trans. R. Soc. Lond. A (1996)
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and so (5.7) becomes

v =n[f() — 39'(6)] — h()/R*. (5.9)

For regular and continuous behaviour at R = 0 we need, respectively, h(¢) = 0
and f(¢) — % g'(¢) = const. So v, is simply constant at the fan plane; it has a value
proportional to resistivity n and is therefore diffusive since it vanishes in the limit
as 7 tends to zero. Thus convective flow across the fan (which would not vanish in
such a limit) is not allowed, and so spine reconnection cannot be driven by such a
flow: it can only be caused by magnetic diffusion across the fan. In the next section
we shall consider an explicit example of such a flow.

The second part of the proof — to consider the behaviour at the spine R = 0 — is
most easily carried out in a rectangular system of coordinates, where the flow has a
y-component of velocity .

vy = (Ey — nJjz)/(22) (5.10)
and so we need to find E, and j, at the spine. The z-component of (5.5) becomes
Oja
22— = T
? 0z J
which determines j, as
. C1

In turn, E, is determined in general by eliminating E, between (5.2) and the y-
component of (5.6), namely,

zE, +yE, — 22E, = n(xj, + yj, — 223,)

and
OE, OFE,
ox 0z’
togiveonx =y =0
OE, 0j. .
—— —FE,=mn{2 — Jo |- 12)
2z o n( vl > (5.12)
In this equation j, is given from the z-component of (5.5), namely
8j2 8jz 8.72 .
== -2 = -24,
Tz ty dy oy J
as
J. = zH(&,Q), (5.13)

where H(£,¢) is an arbitrary analytical function of & = y?z and ¢ = z(2? + y?), so
that

0j. OH
= Qrp—
ar _ “oC
vanishes at x = y = 0. Thus, on account of (5.11), we obtain from (5.12) and (5.10)
_na 1/2
Tz = 5@7‘2— + CQ|Z| / s (514)
_(__na C2
Viy = ( NEEE + 2|z|1/2> sgn(z). (5.15)

Phil. Trans. R. Soc. Lond. A (1996)
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2968 E. R. Priest and V. S. Titov

For regular behaviour of v, at z = 0 we need ¢; = ¢; = 0, and so v, vanishes at
the spine. In other words, there is no flow across the spine line and fan reconnection
is impossible when nonlinear and viscous effects are negligible. |

(b) Some qualitative features of a nonlinear model

In view of the antireconnection theorem it is not possible to set up the simplest
linear model of three-dimensional reconnection. It is therefore likely that nonlinear
effects will be needed to resolve the singularities at the spine, the null itself and the
fan. Although such a resolution is outside the scope of the present paper and is a
matter for future research, it is worth making a few qualitative comments.

First of all, consider the spine singularity, which for z >> R has an electric field
and field line velocity of

Ve SIN ¢ Ve SiN ¢
, UIR A .

R LR 2zR
Inertia becomes important at a radius where the flow speed becomes in order of

magnitude as large as the Alfven speed va = 2zvag, where vag is the Alfven speed
at z = 0 on the cylinder R =1, i.e. at

Ed)%

(5.16)

Ve SIN ¢
VAE 422 '

This represents two cylindrical surfaces touching at the z-axis and having cross sec-
tions that are decreasing as z~2. Viscosity would become important before inertia
only if the Reynolds number were less than unity; also, if resistive diffusion in the
¢-component of Ohm’s law were nj, =~ n0B,/0R ~ nB./R, then it would never
become of order E, ~ v,/R if diffusion were not important at R = 1.

Inertia may perhaps in principle modify v, g and introduce an azimuthal compo-
nent v, with its associated Eg. Although the actual forms would in principle be
determined by the equations of motion and induction, the qualitative effect can be
seen by choosing

lcos ¢
Ep=——1—— .
R T (5.17)
so that from the z-component of (5.6)
sin ¢
E, =%
PTI+R

where [ is the width of the singularity and [~! the maximum electric field. The
resulting flow velocity from (2.5) has components

(ViR ULg, v )__L 2zsin¢ 2zlcos¢ Rsin¢
1RyVlgyVlz) — B2 l-|-R ,(1+R)2’ l+R )

Secondly, consider the vicinity of the null point. Since B vanishes at the null itself,
the existence of a non-zero electric field implies from (5.1) that the current does not
vanish and so locally the field will be distorted from the form (5.3) we have been
considering throughout this work. Now Taylor expand the field, so that to lowest
order

(5.18)

(Br, By, B,) = (aR + bz,cR + dz,eR + fz), (5.19)
where a, b, ¢, d, e, f are functions of ¢.

Phil. Trans. R. Soc. Lond. A (1996)
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Assume further that B, vanishes at z = 0 so that ¢ = 0. Then the equation
V - B =0 becomes
bz , dz
— _ = O’
TR R

2 -
a -+ =

which implies that
204+ f+c =0, b+d =0.
Furthermore, the components of the electric current are

(R Jg,Jz) = (f'2/R—d,b,2c — a' + (d = V')z/R), (5.20)
so that, in order to have a finite current on R = 0, we need
ff=0, d=V.

For simplicity, let us assume that ¢ = 1 and ¢/ = 0; then the field and current become
with b = by sin ¢

(Br, By, B,) = (R+bozsing, coR+bozcosgp, —2z2),
(jRa.jqbajz) = (*‘bo COS¢7 bO Sin¢a260)‘
Now, as we have seen, spine reconnection is associated with an F, and so if we

suppose this produces a j, near the null the simplest solution is to set ¢y = 0, so
that the field and current just become

(BwaBy’Bz) = ($,y+4’702,—22), (jx,jy,jz) = (_bO,O’ 0) (5‘21)

In other words the current is locally uniform in the y-direction and the field lines
are distorted in the yz-plane so that the spine bends away from the normal in the
y-direction.

In contrast, fan reconnection is associated with an F, and would tend to create a
j.-component at the null. The simplest solution here is to set by = 0 so that

(BR7B¢aBz) = (R700R7_2Z)7 (jRade’jz) = (0707 200)? (522)

and the field lines near the null spiral about the z-axis.
Finally, consider briefly the singularity at the fan where the azimuthal velocity
behaves according to (4.26) like
cos ¢
Vg = W
near the fan surface. It may be possible for such a singularity to be smoothed out by
viscosity, with the Lorentz force associated with a twist in the field lines slowing down
the plasma. Thus, if one considers azimuthal flow and field components v4(z) and
By (2), the resulting ¢-component of a force-balance between viscous and magnetic
forces near the fan plane (8/0z > R™') is

vuy = 22Bj, — By.

A linear variation of By = cz (associated with field lines twisting one way above the
plane and the opposite way below the plane) would therefore give a velocity profile
of the form

vy = S(%z3 —dz)

near the plane, as required. However, any further discussion of the effect of viscosity is
beyond the scope of this paper and has only just been understood in two dimensions
(Priest et al. 1994; Titov & Priest 1996).
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(¢) Smoothing effects of resistivity

It is clear from the previous considerations that the movement of the magnetic
footpoints on the boundary of the volume containing a null point may lead to the
appearance of a singularity in the plasma velocity near the null if the magnetic field
is frozen to the plasma. It is natural to hope that finite resistivity could resolve such
a singularity. In two dimensions such a hope is indeed fulfilled for non-steady flow
(Craig & McClymont 1991), but for steady linear flow the extra effects of viscosity
or nonlinearity are required (Craig & Rickard 1994; Priest et al. 1994; Titov & Priest
1996), although in the case of nonlinearity there is so far only the suggestive results
of numerical experiments (Biskamp 1986; Priest & Forbes 1992) rather than a formal
proof. Here we are investigating whether resistivity alone can resolve the singularity
in the steady, linear, three-dimensional case and find that for spine reconnection we
are still left with a discontinuity in v, at the spine.

To investigate the problem in its simplest form, suppose that the flow is slow
enough to consider it as a perturbation of an initially potential configuration (4.1)
so that inertia is negligible. Assume viscosity is also negligible, so that the perturbed
equation of motion reduces to the magnetostatic force balance

—Vp+37x Byg=0, (5.23)

where By is the unperturbed potential magnetic field with components (4.1) or (4.2).

The perturbation of the magnetic field B associated with the current j is assumed

to be small due to the smallness of j which, in turn, is due to the slowness of the
flow. Since j = V x B/u we should require also that

V.-53=0, (5.24)

which implies that there is no accumulation of charge in the volume.

For finite resistivity, instead of (2.1)-(2.3), we have

— Vo + v x By =nj, (5.25)

where 1 < 1 is a dimensionless resistivity or inverse magnetic Reynolds number. We
can restrict our consideration also to incompressible flows by putting
V.v=0. (5.26)

Thus equations (5.23)—(5.26) form the basic system describing slow steady incom-
pressible resistive MHD flows in the neighbourhood of a three-dimensional magnetic
null point.

(i) General solution of the basic equations

One can find the general solution for the current density j and the pressure p
from (5.23) and (5.24) as follows. Equation (5.23) yields an expression for the current
density j, perpendicular to the magnetic field By
. By x Vp

52 (5.27)

JL
where the pressure p must satisfy
By-Vp =0, (5.28)

which is obtained from the scalar product of By with (5.23). This equation implies
that the pressure is constant along the unperturbed magnetic field lines and physi-
cally it corresponds to the case when the plasma moves so slowly that the pressure

Phil. Trans. R. Soc. Lond. A (1996)
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perturbations are smoothed out along the field lines. According to (4.2) in a cylin-
drical system of coordinates it is written as

Op Op
and may be easily solved by the method of characteristics to give
b= p(¢’ C)a C = Rzz' (530)

Here ¢ is constant along an unperturbed magnetic field line and so plays the role of
labelling different field lines in planes ¢ = const.
Equation (5.24) then determines the longitudinal component of the current density

. . By
JI=ig (5.31)
since it can be written as
Voji =V (5.32)
By using (5.27)—(5.30) the right-hand side of this equation becomes
V.=V, (W—Biég)
12z Op
- B 96"

Here we have also used the facts that V x Vp = 0 and V x By = 0. Due to (5.31)
and V - By = 0, the left-hand side of (5.32) reduces to

\ (—;%BO =B,-V (%L) , (5.33)

so that the resulting equation for jj is

oy () 2 1220p
By v( Bo> = 57 35 (5.34)

To solve this equation we can again apply the method of characteristics: in the
system of coordinates (R, ¢, () it may be written as
0 (j 12R5¢  Op
Roe () = 70 (6:0),
OR \ By (RS +4¢%)% 0¢
so that after integration we have

2z Op
R2By 0¢°
The first term here represents the force-free component of the current density with
an arbitrary function (a(¢, ¢)) that is constant along magnetic field lines. The second
term determines that part of the longitudinal current which has a divergence: there-
fore, by equation (5.32) it is associated with a transverse current (7, ) which in turn
provides a magnetostaticforce balance for the configuration. Thus, the expressions
(5.27), (5.30), (5.31) and (5.35) represent the general solution of equations (5.23)
and (5.24).

Phil. Trans. R. Soc. Lond. A (1996)
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Equations (5.25) and (5.26) for the velocity v and electric potential @ can be
solved in a similar way. From (5.25) we obtain an expression for the perpendicular
component of velocity

1 .
v = — By x (Vo +nj1)
BO

and an equation for @
(Bo - V)9 = —nBojy;
this shows that the electric potential changes along the magnetic field lines owing to

the resistive dissipation of the longitudinal current. Substituting (5.26) and (5.35)
into these relations and making transformations we obtain

B BO x Vo n
and
2z Op
2
In coordinates (R, ¢, () this equation has the form
0P 5 ¢? 2¢ dp
= 4> o R
which is easily integrated to give
1z Op
¢ = 7 |:(22 - %RQ)OL - 53555] + @0. (538)

Here ¢y = Py(¢, () is an arbitrary function representing the electric potential for the
limiting case (n = 0) of a perfectly conducting plasma; its value remains constant
along the magnetic field lines defined by ¢ = const.; and ¢ = const.,. Thus changes in
the electric potential @ along field lines are only due to the first term in (5.38), which
represents a voltage drop caused by the force-free and ‘magnetostatic’ components
of the longitudinal current.

The longitudinal component of velocity

By
= By

is then determined from (5.26) in the same way as jj was found from (5.24): first we
rewrite

(5.39)

V. Y| = -V.v,
with the help of (5.36) and (5.39) in the form
V) 12209 V(B2)-Vp 1 _,
2 0 v I et _¥Y\WPo) VP~
’ V(Bo) Biog "7 BT TmYPD

and then, after substituting (5.38) and B2 = R? + 4¢%/R* into this equation, we
obtain in (R, ¢, ()-coordinates

O (w12 0% [0 2 oo e (00,00 O
R (Be) = g g7 |75 + e — 10 (55 + a3 - 521
Phil. Trans. R. Soc. Lond. A (1996)
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Integration of this equation yields

2z 0% z (38—°‘+46p) L O] RzBoap
R2By 0¢ 2BO 150 ¢ 4R2B, 0¢? o¢?

(5.40)
The first term (with an arbitrary function a(¢, {)) represents a flow that is constant
along field lines and can be present even in the absence of transverse motion and
currents. The second and third terms describe the longitudinal flow driven by the
transverse convective and diffusive flows.

Thus the expressions for the velocity and potential are given by (5.36) and (5.38)—
(5.40). They contain four arbitrary functions p(¢, (), a($,<), Po(4,¢) and a(p,()
which can be specified for a particular problem by appropriate boundary conditions.

Consider, for example, the problem in which the boundary values are prescribed
at the cylindrical surface R = 1. For deducing the general solution in this case it
is useful to write the components of j and v in cylindrical polars, for which the
corresponding expressions become

'U|| = CLBO —

ir = Ra, (5.41)

—Rg—zg (5.42)

J. = %g—z — 2za, (5.43)
2 Oa #p 1%

0P 0 9? 10
%:_Ra; [R(Rug Vot E - w649

1 0d, , 10a  Op , 0%p

v, =

Since there are only four free functions in these expressions for six variables, we
may generally fix just four of them at the boundary. It is natural to prescribe at
the boundary the values of the velocity. At the cylindrical boundary surface one just
needs to put R =1 in (5.44)—(5.46) and take into account that z = ¢ at this surface.
The resulting equations

0? 2
(24— + 23_€12) - 55%) = VR|p=1 = Vo, (5.47)
09 n o2 Oa 0? P ?2 B _
_6—C ) 2 [( - )6C 8¢8C 8¢] = ¢|R=1 = o, (5.48)
0% 10a Op 0%p B B
W_2 @ (28¢+6g+cagz) = Vz|poy = s (5.49)

determine three of the four initially arbitrary functions (p(¢, (), a(¢, ), $o(¢,¢) and
a(¢,¢)) in terms of the components of velocity (vyr(9,(¢), vbe(®,¢) and vy, (4, ())
given at the boundary R = 1. In principle, we could impose one more relation on the
boundary values of current density, say, thereby fixing all the functional parameters
in our solution. However, it is preferable to keep one of them free, so that we have
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the freedom to try and resolve the above-mentioned singularity in the ideal plasma
flows.

(ii) Spine reconnection: partial resolution of the singularity for m =1 and
particular boundary conditions

Consider now how the singularity appearing in the ideal spine reconnection process
may be resolved by resistivity and a pressure perturbation. To make the problem as
simple as possible, suppose that v,z = 0 and vy, = 0 in (5.47) and (5.48), so that in
the limit 7 — 0 we have

a=0, (5.50)
0dq
———=0 5.51
5 =0 (5.51)
0P
From here it follows that for ideal flows we may impose only &, = $y(¢) with

Up: = Up(@p). It turns out that for resistive flows there is much more freedom in
choosing vy, (see the next section), but, for simplicity, we here assume vy, = vy, (9)
and in particular we consider the first harmonic,

vy, = Wsin ¢, (5.53)

of a Fourier expansion, where W = const. This condition implies that v,, # 0 at
z = 0 and therefore, according to our ‘antireconnection’ theorem, there must be no
such solutions which are analytical at R = 0. However, it is interesting to see what
happens to the flow near R = 0 if it has a non-vanishing transverse velocity at the
fan plane.

Having adopted (5.53), the unknown functions may be assumed to have the fol-
lowing forms due to linearity of the problem:

p(#,¢) = P(()sin ¢, (5.54)
a(¢,¢) = Ai(¢) cos ¢, (5.55)
@0 (¢, ¢) = F(C) cos ¢, (5.56)
a($,C) = Ax(() sin 6. (5.57)
After substituting these expressions into (5.47)—(5.49) we obtain
Ag + Ln(=2¢A, +2P" + P) =0, (5.58)
—F'+ In[(1 —2¢*) A + (P - P =0, (5.59)
—F —20A; + (1A — P —(P") =W, (5.60)

where the primes denote differentiation with respect to ¢.
Let us now try to express the values A;, Ay and F in terms of the pressure
amplitude P. Equation (5.58) yields

Ay = 1(2¢4, - 2P" - P), (5.61)
so that we can substitute this expression into (5.60) to give
F=—-W+ In[(1-2¢*)A; + (CP —2P")]. (5.62)

Phil. Trans. R. Soc. Lond. A (1996)
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Using this formula, we can derive from (5.59)

A = -212(19 —pY), (5.63)

which enables us to transform (5.61) and (5.62) to the sought form, namely
Ay = —%nP”, (5.64)
F= ZJ%[(2(2 —1)P" — 4¢P + P| - W. (5.65)

Thus expressions (5.63)—(5.65) together with (5.54)—(5.57) determine the free func-
tions in the general solution (5.41)—(5.43) in terms of the given boundary distribu-
tions of velocity (5.53) and pressure (5.54). So we can next investigate which distri-
bution of pressure perturbation resolves the singularity in spine reconnection driven
by ideal MHD flows. For this one needs to write the general solution (5.41)—(5.46)
in terms of the imposed boundary conditions. This can be done by substituting
(5.63)—(5.65) into (5.54)—(5.57) and then the results into the solution (5.41)—(5.46)
to give

jr = R(PT_CPl cos ¢, (5.66)
jo = —RP'sin¢, (5.67)
Jz = R—Z cos ¢, (5.68)
P//
vr = n(2R* + 1)(R* — 1) 1 Sin b, (5.69)
2 _
vy = n%[}%“(gl” — P)+ (R*+2R?C* + 2¢*)(P" — (P")] cos ¢, (5.70)
_ (R2 B 1) / " Sin¢
v, = {W—n i =P +4CP' + (14+4¢%)P ]} V7 (5.71)

One then requires that all these values be finite as R — 0 or { = R?z — 0 for z in a
fixed finite range.

So, to find restrictions on the free distribution of P({) under which the solution is
regular, it is necessary to expand P(() in a Taylor series near ¢ =0

P(Q) = Po+ (P + 3CP + ¢ + ..

and substitute into (5.66)—(5.71). An analysis of the resulting expressions shows
that all the physical quantities (5.66)—(5.71) are regular near R = 0 if the following
conditions

Py = —4W /3n, (5.72)
Py=P/ =P =0 (5.73)
are fulfilled. These ensure finiteness of the quantities as R — 0, but they still admit
in principle a discontinuity there for some of them. It turns out that one of the

quantities, namely v,, is really discontinuous at the spine. Its expansion near R =0
yields

v, = (W + inP;V2)sin g,

Phil. Trans. R. Soc. Lond. A (1996)
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so that at fixed ¢ # 0 we have a discontinuity
[v.] = 2(W + inPy¥z)sin ¢, (5.74)

which cannot be avoided in any way (except by taking W = PIV = 0, which corre-
sponds to a trivial ‘non-reconnective’ solution).

This result is in good agreement with our ‘antireconnection’ theorem which pro-
hibits convective flows across the fan in analytic solutions of the problem. The above
solution explicitly demonstrates that the effects of a magnetostatic pressure pertur-
bation in combination with resistivity may smooth the ‘spine’ singularity only within
such a discontinuity. In this situation viscosity may be important for a subsequent
resolution of the discontinuity on a small length scale determined by the Reynolds
number. However, such a task is outside the scope of this paper.

Consider now the properties of the above solution in more detail. Choose the
function P(() in the form (see figure 7a)

P(¢) = 2 W¢

" 301+ ¢

which is the simplest rational function satisfying the conditions (5.72) and (5.73).
It is odd and has P}V = 0, so that the spine discontinuity (5.74) in this case is
completely due to W # 0. A non-symmetric distribution P(¢) would represent a more
general solution, but we can expect that, in spite of its symmetry, (5.75) possesses
the most characteristic property of the above solutions, namely the presence of both
a compression and expansion of plasma near the fan plane (figure 7a). This effect
is inevitable due to the conditions of regularity (5.72) and (5.73) and is represented
most generally by a non-symmetrical distribution P(().

As V - j = 0, there must exist, at least locally, Euler potentials for the current
density j; it happens that in our case they can be found explicitly, namely,

J =Vpx Vg, (5.76)
where p is simply the pressure given by (5.54) and the other potential is

1 S P’d¢
q= §<ln[z| —/0 ~CT> (5.77)

For our example (5.75), we have in particular

4¢2 1 2
ﬁ + Zg arctan (%g) . (5-78)

Note that g does not depend on ¢, so that the surfaces of constant q are axisymmetric
and therefore may be obtained by revolving the contours ¢ = const. in the (z, z)-plane
around the z-axis (see figure 7b). The intersections of the two families of surfaces,
where p = const. and ¢ = const., determine the current lines, to which the current
density j is tangent. Taking into account also that the magnetic field B, is normal
to the gradient of p, we have the well-known fact for magnetostatic configurations
that the surfaces of constant pressure are ‘woven’ from the current and magnetic
field lines. In our case these surfaces look like strongly deformed ropes, in which the
plasma is confined by the Lorentz force j x By (figure 8a). As is seen from figure 8b
showing the cross-sections of such surfaces with the plane z = 1, one can expect that
their form is similar to that of the corresponding current and field lines.

(5.75)

g=3lnlz| +

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 7. (a) The variation of the pressure amplitude P(¢) with ¢ = 2*R for W/n = —10 and
¢o = 0.2. It resolves a singularity of the ideal MHD flow when a non-vanishing plasma resistivity
is included. (b) The axisymmetric shape of the surface on which the Euler potential g (5.78)
for the current density (5.76) vanishes, using the function P({) shown in figure 7a. All the
other surfaces of constant g have similar shapes. (¢) Their cross sections with the plane passing
through the axis of symmetry R = 0.
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1.0 —== —
,,"/b(;undary
0.3
y o 0.0
-0.3

-1.0 0.5 0 0.5 1.0

Figure 8. (a) The surface of constant pressure p in one quarter of the cylindrical volume; the
thin and thick lines here are, respectively, current and magnetic field lines lying on this surface.
(b) The cross sections of the surfaces where p = const. with the plane z = 1. The function P(¢)
used here is shown in figure 7a.

Due to the symmetry of the solution, the isobaric surfaces and the corresponding
current and field lines on them in the other quadrants of space are mirror images,
both about the vertical (z, z)-plane and also about the horizontal (x,y)-plane; the
appropriate values of pressure perturbation here reverse their signs at each reflection.

Let us discuss now the properties of the plasma flow described by this solution.
First of all, for the velocity as for the current density, due to V - v = 0, there
must exist Euler potentials, which, however, we have not been able to find explicitly.
Nevertheless, it is not difficult to see that one of these potentials may be determined

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 9. (a) The streamlines of the velocity field (5.69)—(5.71) in the plane ¢ = 7/2; here the
dashed and dotted lines represent the lines where, respectively, vg and v, vanish. The function
P(() entering into the expressions for vr and v, is shown in figure 7a.

as a function of z and R only, since in one of the streamline equations, namely
dR dz

v v
where vy and v, are determined by (5.69) and (5.71), there is no dependence on ¢.
So each streamline of the velocity field (5.69)—(5.71) lies on a surface of revolution
about the z-axis. The cross-sections of these surfaces with a plane passing through
the z-axis coincide with the streamlines lying in the (y, z)-plane where vy = 0.

Such streamlines are shown in figure 9¢ in the first quadrant of this plane. The
picture of the flow in the other quadrants is symmetrical: the streamlines cross the
fan plane and continue below it, symmetrically reproducing there the form they have
above the fan, while on the left of the axis of symmetry we have the same picture as
on the right but with the opposite direction for the velocity.

The characteristic feature of the above flow is the presence in it of very strong jets
of plasma, which diverge from the regions of enhanced pressure (cf. figures 8 and
9) and then, after crossing the fan, they converge again in the regions of reduced
pressure. The jet in each of these regions is so strong that the streamlines look in
figure 9a as if they start from the same line. This fact is clarified in figure 9 which
shows that near this jet the absolute value of velocity is increased by more than
two orders of magnitude. Such a behaviour of the flow is probably caused by the
dominating diffusion effect due to the pressure gradient in (5.36) — under the action
of this gradient the plasma is simply squeezed out from the high-pressure regions.

This effect for the azimuthal component of velocity v, dominates, however, only
in the closest neighbourhood of the pressure maximum (see figure 9¢). In the region
far from this maximum and closer to the axis of flow the drift velocity term (the
first one in (5.36)) becomes more important, forming thereby a shearing motion of
plasma in the azimuthal direction near the plasma ropes.

As the resistivity (n) of the plasma decreases or its velocity (W) on the boundary
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Figure 9. (b) The distribution of the speed |v| = (v + v2)*/? in the plane ¢ = 7/2 and (c) the
distribution of vy in the plane ¢ = 0 for the velocity field (5.69)—(5.71).

increases, the amplitudes of all the physical values grow in the solution. The scale
of the whole process is controlled by the free parameter (y — the smaller its value,
the more compact a structure is responsible for resolving the ideal MHD singularity.
Although, as is seen from the discussion of the flow, this singularity is resolved by
resistivity and a pressure perturbation only to within a tangential discontinuity of
velocity at the axis of symmetry of the flow.

(iii) Spine reconnection: solution for m > 1 and general boundary conditions

We have considered above the simplest resistive solution for spine reconnection,
where the boundary conditions are very special, namely, they imply only a vertical
and homogeneous motion of plasma along the z-axis on the boundary. This particular
kind of boundary conditions leads to a discontinuity of v, at the spine, while all the
other values are regular and continuous everywhere in the volume. It is interesting
therefore to investigate whether such a result is preserved for more general conditions.
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Consider this question in the most general form by taking the boundary velocity as

ur = U(() sin(mg), (5.79)
sy = V() cos(m), (5.80)
vy, = W () sin(mg), (5.81)

where the integer number m > 1 marks the corresponding mode. Generally its am-
plitude depends on m, so that the arbitrary functions U(¢), V(¢) and W(¢) should
be written with subscript m, which we omit for brevity.

The unknown values may be specified as in (5.54)—(5.57) by replacing ¢ with ma¢
and then after substituting these expressions into (5.47)—(5.49) we find

Ay + in(—2m(A; + 2P" + m*P) = U, (5.82)
—F' + in[(1 - 2¢*) A, + m({P' —mP] =V, (5.83)
—mF —2(As +n(zmA; — P' —(P") = W. (5.84)

These equations can be solved in the same way as (5.58)—(5.60) with the result that
m?P —P"  2(CU'+U) —mV + W'

A= —— : o , (5.85)
Ay =—=3nP" + 12U - ¢U") + mV — W], (5.86)
2 1 ! 2 1 !
F=_ C[(2( 1)P" — 4¢P +mP]—M(2U—mV+W)
—%[zw —(2¢2 = DU + m¢V — (W' + 2W], (5.87)

Substituting now (5.85)—(5.87) (with ¢ replaced by m¢) into the general solution
(5.41)—(5.46) we obtain

Jjr = RA; cosmg, (5.88)
jy = —RP'sinmg, (5.89)
J. = Ri(mP — 2CA;) cosma, (5.90)
R = RA2 — 4—R3 (2mCA, — 2ROP" — m2P)] sinm, (5.91)
vg = — {RF’ + ﬁg [(2¢2 — R A, — mCP' + mP] } cosme,  (5.92)
v, = -—%(2@42 +mF) + —g(mAl . 2P’)] sinmé. (5.93)

These formulae together with (5.85)—(5.87) represent the solution for an arbitrary
mode (m > 1) satisfying the general boundary conditions (5.79)—(5.81) of the spine
reconnection process.

For an arbitrary distribution of P(¢) the resulting solution is generally singular,
with the current density () and velocity (v) tending to infinity as R — 0. So let us
find what restrictions should be imposed on P(¢) to obtain regular behaviour. Ex-
pand all the functions of ¢ in (5.85)—(5.93) in a Taylor series about ¢ = 0, supposing
that all of them are analytical and denoting the values at { = 0 by zero subscripts.
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Then the regularity condition for jg is
m?Py — Py — (2Uy — mVy + W}) /n = 0. (5.94)

It is not difficult to see that this condition ensures also the finiteness of F(() (see
(5.87)). The component j, is automatically regular for an analytical P(¢), while the
regularity of j, (or vg) requires two extra conditions, namely

Py=0, (5.95)

PIII 1
mP) — 2A10 = 0, 24,0 = mP) — nﬂz - m—n(wg, —mVy + W), (5.96)

The regularity of v, requires only (5.95) and v, is regular provided
Fo=0, Fy=—{nP) + (4 —m?P)+4U, — mVy + W +4W,}/(4m). (5.97)

If m # 2, the resulting conditions enable us to determine Py from (5.95) and the
derivatives

4Wy

/
B~ a2 (5.98)
Py = (=2Uy +mVy — Wg)/n, (5.99)
Py = (—4U5 +mVy — Wy')/n, (5.100)

in terms of the local characteristics of the boundary velocity near the fan plane.
Thus the requirement of regularity fixes the first four terms in the Taylor expansion
of P(¢) at ¢ = 0, while all the other terms remain arbitrary — this general result
is similar to (5.72)—(5.73) obtained for the first mode and the particular boundary
conditions.

The same analysis of regularity for the second mode m = 2 yields

Wy =0, (5.101)

instead of (5.98) and the expressions (5.99) and (5.100) (with m = 2) for P} and
Py, while P} becomes arbitrary in this case. It is easy to see from (5.93) that at the
fan plane

Vz|,—o = 3n(mAy — 2F;) sinmé,
or, taking into account (5.96) and (5.97), for all the modes

V| ,_o = Wosinme. (5.102)

So the condition (5.102) implies that the second mode is regular only if there is
no convective flow across the fan plane. It also shows that for all the other modes
(m > 1) there is a discontinuity in v, at R = z = 0 if (5.101) is not satisfied. Thus
we arrive again at the result consistent with our ‘antireconnection’ theorem: namely,
that regular and continuous plasma flows crossing the fan plane of the null point are
impossible if nonlinear and viscous effects are negligible.

To be precise, one should add that generally the condition (5.101) is not sufficient
for continuity of v,, since from (5.93) its value at the spine is

Uzl po = [3n(mAro — 2P)) — (mFy + 2A45)2] sinmé.
Therefore, in addition to (5.96) or (5.101), one needs to require
mF, + 245 = 0 (5.103)
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for v, to be continuous at the spine. From (5.86) and (5.87) we have

Ay = "%npél + %(2[]0 +mVy — W),

Fy = —{n[F" + (4 = m*)F{] + 8Uy + 6Uy +m(4Vo — V') + 4Wg + Wi}/ (8m),
which together with (5.99) enable us to consider (5.103) as a condition fixing PLV;
after simple calculations it gives

PV = [2(16 — m?)Uy — 6Uy +m(m? —16)Vy +mVy' + (8 = m2 )W — W("]/n. (5.104)

(iv) Spine reconnection: solution for an azisymmetric mode m = 0

The most general axisymmetric solution may be obtained from formulae (5.41)—
(5.46) if one omits their dependence on ¢, so that all the derivatives 8/9¢ vanish
there to yield

jr = Ra, (5.105)
js = —Ryp, (5.106)
j. = —22a, (5.107)
vg = Ra + inR°p’, (5.108)
vy = —R®) + inR(R* — 22%)d/, (5.109)
v. = —22a —n(p' +(p”), (5.110)

where the functions «a, a, p and @, depend only on (. It is clearly seen from here that
the axisymmetric solution has no singularities provided these functions are regular.

Equating now the right-hand sides of (5.108)—(5.110) at R = 1 with its boundary
values

wr = U(Q), (5.111)
e = V(C), (5.112)
vy = W(Q), (5.113)

one can easily express three of the indicated four functions in terms of these values
to obtain

a=2U+CU + W', (5.114)
1

p=—1 /(2<U + W) d¢, (5.115)

&y = /[%n(l —2¢%)a’ - V] d¢. (5.116)

Notice that, contrary to the cases of m > 1, for the axisymmetric mode we can no
longer take the pressure perturbation p(¢) as a free function, determined indepen-
dently of the boundary velocity components U(¢) and W(¢) — according to (5.115),
fixing U(¢) and W({) unambiguously determines the form of p(¢). One can take,
however, in this case a(({) as a free function for our axisymmetric boundary-value
problem. The substitution of (5.114)—(5.116) into (5.105)—(5.110) gives us the gen-
eral solution of this problem, in which jr and j, are given by (5.105) and (5.107),
while

Jjo = R(2CU + W)/n, (5.117)
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vg = R[(2— R*)U + (1 — R*)(CU' + W], (5.118)
vg = RV + InR(R? — 1)[1 + 22*(R* + 1)o/], (5.119)
v, = W+ 2(R* — 1)(4U + 2¢U' + W"). (5.120)

The plasma flow is represented here as linear superposition of several flows caused
by different physical effects; for example, the rotation of plasma around the z-axis
(see (5.119)) is generally due to, first, the azimuthal component of velocity at the
boundary (5.112) and, second, a non-vanishing «(¢) or, in other words, because of
the presence of longitudinal currents j; in the configuration. The first effect does not
depend on the plasma resistivity ), since it is caused by the corresponding plasma
movement prescribed at the boundary R = 1 and reduced to a purely convective flow
in the limit n — 0. In contrast, the second effect disappears in this limit, because it
results from a plasma drift produced by the magnetic field By and electric field in
the plane ¢ = const.; the latter appears here to support the longitudinal currents in
a resistive plasma.

In the first case the plasma particles, passing through a magnetic line characterized
by some ¢, move together as a solid body with a constant angular velocity V' ({), so
that in the limit 7 — 0 one can consider them be ‘frozen’ to the magnetic field lines,
the footpoints of which rotate at the boundary R = 1 with the velocity V'(¢). There-
fore, this flow can be interpreted as purely convective and caused by the appropriate
movement of the magnetic field lines. In the second case the plasma particles ‘slip
off’ the field lines, since their angular velocity is no longer constant at these lines.
Such a component of plasma motion is purely diffusive and caused by the resistive
dissipation of the longitudinal currents.

From the viewpoint of our ‘antireconnection’ theorem it is interesting now to study
the component of plasma flow in the (R, z)-plane. So let us exclude from consideration
the azimuthal flow by putting

V() =0, a() =0.

Then the velocity of the flow has only vg and v, components determined by (5.118)
and (5.120), which can be expressed in terms of the stream function ¥ (see §3a).
One can derive from (5.118) and (5.120) that

RY = (R* - 1)(CU + iW) — /Ud(. (5.121)

Although the resistivity 7 does not enter into this expression explicitly, the flow
across the magnetic field lines is ultimately due to Ohmic dissipation of the azimuthal
current jg appearing here as a result of the pressure perturbation. This fact is clearly
expressed by formulae (5.106), (5.108), (5.110) as well as by (5.115)—(5.120).

To consider the effect of the flow across the fan plane in a pure form, let us put
the radial velocity of the flow at the boundary R = 1 equal to zero, i.e. U = 0. Then
the desired flow across the fan can be set up by choosing the boundary z-component
of velocity as

_ 1
14¢2/¢

the absolute value of which vanishes at infinity and has a maximum of width ~ ¢,
at the fan. According to (5.115) such a boundary flow is supported by a pressure

W = (5.122)
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Figure 10. (a) The distributions at the boundary R = 1 (so that z = {) of the z-component
of velocity W({) (165) and the pressure perturbation p(¢) (166) which determine a regular and
continuous diffusive flow across the fan plane. (b) The corresponding streamlines of the flow in
the first quadrant of the plane passing through the axis of symmetry.

distribution

p= 2—0 [g + arctan (é)] (5.123)

describing a decrease of pressure from the upper to the lower half space (see fig-
ure 10a). The corresponding gradient of pressure squeezes the plasma in this direc-
tion, thereby causing it to flow across the fan plane (figure 10). As the electric poten-
tial (5.38) in the configuration is identically zero, this flow is not convective in nature
— one can see that it is completely diffusive and is due to the Ohmic dissipation of the
azimuthal current jgs concentrated near the fan plane (figure 11a). The interaction
of such a current with the magnetic field By results in a Lorentz force counterbal-
ancing the pressure gradient (figure 11b). This example clearly demonstrates that it
is not difficult to create a regular magnetostatic perturbation of pressure near the
null point configuration with a regular and continuous plasma flow crossing the fan
plane, but this flow will be diffusive in nature rather than convective — exactly, as
our ‘antireconnection’ theorem predicts.

6. Configurations of two isolated null points: separator reconnection

Let us now investigate some of the kinematic properties of configurations contain-
ing two null points, say at z = 1 on the z-axis. In general the flows and electric fields
in such configurations are exceedingly complex (Lau & Finn 1990), but analytical
progress may be made by considering the following form for the field components

B, =zf(z), By,=vyg(z), B,=1-2% (6.1)
where the condition V - B = 0 implies that the functions f(z) and g(z) are related
by

f(z) +9(2) =2z (6.2)

The special field line joining the two null points is known as a separator and it is

the z-axis. Three distinct cases arise depending on the nature of the separator near
the null points. These are when the separator is:
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Figure 11. (a) The surfaces of constant pressure distribution with the radial gradient of pressure
directed towards and away from the axis of symmetry, respectively, above and below the fan
plane for the example of p(¢) shown in figure 10a. (b) The corresponding distribution of the
azimuthal current jg in the first quadrant of the plane passing through the axis of symmetry.

(i) the spine of both null points;

(ii) the spine of one null point and part of the fan of the other;

(iii) part of the fans of both null points.
Case (iii) is the generic case since there is a continuum of field lines lying in the fans
whereas only single field lines comprise the spines. Thus in general cases (i) and (ii)
are not structurally stable: if the null points are moved or rotated, the topology in
figures 12a and 12b will not persist. For example, if the lower null in figure 12a is
displaced in the z-direction, the spines will diverge from one another to left and right
and will no longer be a separator joining the nulls.

By taking different forms for f(z) we may set up configurations with different
types and orientations of null points: for the purpose of studying kinematic properties
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spine ! fan

Figure 12. Magnetic fields of two null points at z = =1 on the z-axis, joined by a separator and
showing the spines (thick lines) and fans (circles) of each null when the separatrix is (a) the
spine of both null points (b) the spine of only one and (c) the spine of neither.

these have the great advantage of analytical simplicity, but they are not in general
magnetostatic in nature. In general they will be improper radial or spiral nulls, but
by careful choice we may set up configurations of two proper radial nulls, which have
the advantage that we have already investigated in detail some of the behaviour near
such nulls in the previous sections.

As an example of case (i) we may choose f(z) = g(z) = z, so that

(Bs, By, B,) = (z2,y2,1 — 2°), (6.3)
which has field lines given by
22(1-2%) =¢, y = kzx, (6.4)

where ¢ and k are constants. The field lines lie in planes y = kx and the basic
structure of the two nulls is identical since the field near z = 1 is (B, By, B,) =
(,y,—2(z — 1)) whereas the field near z = —1 is (B,, By, B,) = —(z,y,—2(z +
1)). Both nulls have the z-axis as spine and planes parallel to the zy-plane as fans
(figure 12a).

As an example of case (ii), set f(z) = 3(5z — 3), so that

(Bs, By, B.) = (32(52 — 3), 2y(3 — 2),1 — 2°). (6.5)
and the field lines are given by
(z-1D(z+1)*=c, vV (z—-1D(z+1)2=k. (6.6)

Near z = 1, the field is (B, By, B,) ~ (z,y,—2(z — 1)) and so the null point is
identical to the one we have studied in §4, except that it is located at z = 1 on
the z-axis rather than at the origin. The spine of this null is the z-axis and the
fan is parallel to the zy-plane (figure 12b). In contrast, near z = 1, the field is
(By, By, B,) ~ 2(—2x,y,z + 1), so that the spine and fan are parallel to the z-axis
and yz-plane, respectively.

Case (iii) may be exemplified by putting f(z) = z — 3, so that

(Bza By7 Bz) = (.’E(Z - 3)7y(z + 3)’ 1- Z2)’ (67)
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for which the field lines are now
w1 (- = yr- 1)+ =k (6.8)

Near z = 1, the field becomes (B, By, B,) ~ —2(x, —2y, z — 1) and so the spine and
fan are aligned with the y-axis and zz-plane, respectively (figure 12c). Near the null
point (2 = —1), the field approximates to (B, By, B,) = 2(—2z,y,z + 1) and the
spine and fan are therefore parallel to the z-axis and yz-plane.

Now let us ask: what are the electric field (E) and field line velocity (v, ) for
steady kinematic reconnection? Since the motion is steady, V x E = 0 and so

E=Vo.
Furthermore, in the ideal region
E+vxB=0, (6.9)
and so the electric field is perpendicular to the magnetic field or
B -V$=0.

Thus, the electric potential @ is constant along field lines; in other words, in the
above examples, since constant values of ¢ and k describe the field lines,

P = &(c,k).

Many different functional forms of ¢ may be considered, depending on the mo-
tions of the footpoints and the nature of the reconnection. But, once it has been
determined, the electric field components follow as

0¢ 0P0c 090k

Ez_(‘?x_(‘?c@x-i_%%’
g 0% _ 000 o9 ok
V" 0y  Ocdy Ok oy’
L 09 _ 090 000k

9z~ Bc oz ok 02
where the derivatives of ¢ and k are given functions for a particular given configura-
tion. Then the field line velocity follows from (6.9) as
Ex B
B2
As a particular example, suppose that spine reconnection is being driven at the
upper null point of the field (6.7) with & = v, cos ¢ (so that Ej5 = vesin 6, where ¢

is the azimuthal angle in cylindrical coordinates with respect to the upper spine as
axis. Then near the null at z = 1 the potential may be written as

v, =

Ue
IRV O ROk
where (6.8) implies that ¢ ~ 42/(z—1) and k =~ fy(z—1)?. Thus the potential (6.10)
may be written in the required form in terms of ¢ and k as simply
1
~ V(A +16/e)

which is valid throughout the domain and not just near the upper null point. The

(6.10)
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(®)

Figure 13. Separator reconnection driven by horizontal footpoint motions on the vertical
planes y = +1.

resulting forms for E and v, everywhere may therefore be calculated analytically,
and in particular we find that near the lower null point

(Eava Eya Ez) = ((Z + 1)2, 0, —:L’)/S,

1
) == ZB-_Q(xyazm2 - (Z + l)say(z + 1)2),
where B? = 4(4z? + y* + (2 + 1)?).

Just as different kinds of reconnection can be driven at a single null point, so the
kind of reconnection that occurs at a pair of null points depends on the nature of
the imposed flows. For example, suppose we impose the motions of footpoints on
the vertical planes y = 41 in figure 12¢. In particular, move the footpoints with
a purely horizontal velocity (v,) from right to left on y = 1 and left to right on
y = —1 (figure 13). Such footpoints cross the spine of the upper null point and so
drive fan reconection at the upper null: they also cross the fan (x = 0) of the lower
null point and so drive spine reconnection at the lower null. This may be analysed
as follows. Suppose the footpoints are at the points (z¢,1,29) on the plane y = 1.
Then according to (6.8) the constants (c, k) are given in terms of 2o and 2o by

(Vigy Uiy, Vi

.TL'()(ZO + 1)2 (ZO — 1)2
0T 0T ) )
T -1 20+ 1 (6.11)
When zy < 0, the field lines from these feet are given by (6.8) and meet the plane
x=—1at (—1,y, 2) where y and z are given by

1)2 1)2 1 —1)?

o Gt GGt
z—1 20— 1 (z—=1)%(z0+ 1)

Thus as z¢ approaches 0 and the footpoints cross the fan of the lower null point,
so z approaches —1 and y tends to zero: in other words, the other end of the field
line crosses the spine of the lower null. For 2o = 0, (6.11) implies that ¢ = 0 and so
from (6.8) the field lines lie in the plane 2 = 0 with equations
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When z, > 0, the field lines meet the vertical plane z = 1 at (1,y, z) where y and 2
are given by
(z+1)2  (2+1)? (2 1)(20 —1)?
i1 (20 —-1)" V= (z—=1)2(20+1)
Thus the equations of the field lines and the locations of the other ends on the surface
of the cube of side 2 can be calculated for various values of z; as zy decreases.

In order to find @ (and therefore if required E and v, ) everywhere, we use the
fact that v, = 0 on y = 1 to deduce that

E,B, = E,B,,

or, if & = &(c, k),
0P (20 +1)2 09 (2 —1)?
gm(zo +3) = %mwo(zo 3),

where zg = zo(k) and zo(c, k) are given by (6.11). It turns out to be easier to regard
& as a function of zy and zq, so that this equation reduces to

109 (20— 1)(20+1)(20—3) 99

= - 6.13
o 62130 (ZO + 3)2 620 ( )
The equation for the characteristics of (6.13) is
20 + 1)V (2 — 3)%/2
1zl + (z0 ()Zo _(210)4 L const.
and so the general solution of (6.13) is
1 1/2 -3 9/2
&= f|1az 4 0D 70 =) (6.14)

(20 —1)*

Then a variety of different functional forms for f(s) may be adopted to represent
different types of horizontal flow on the boundary.
The resulting potential throughout the volume is

d=f (u)’
where
u= 22+ (20 + 1)"*(20 — 3)%(2o — 1) *
and from (6.11)
20 = 3{(k+2) — /(k* + 8k)},
while (6.8) implies
k= y(z—12/(z+1).

However, there are many other types of footpoint motion in addition to those in
figure 13. For example, purely vertical motions on the plane y = 1 will cross the spine
of the upper null point and so will drive fan reconnection there; but they will not
cross the fan or spine of the lower null point and so no reconnection will occur at it.
On the other hand, a flow pattern on y = 1 which is convergent on the upper spine

from below and which crosses the fan of the lower null will drive spine reconnection
at both null points.
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7. Conclusion

We have here considered the physics of magnetic reconnection at a three-dimen-
sional neutral point, focusing on the simplest case of a proper radial null, although
it is likely that many of the basic features are robust and will apply to the other
types, namely improper radial nulls and spiral nulls. In discussing these features, the
important roles of the key elements of the structure of a null have been stressed,
namely the spine and the fan.

Three kinds of reconnection have been put forward. In spine reconnection, continu-
ous motions of the footpoints are imposed on any surface (not necessarily cylindrical)
that encircles the spine: when these footpoints cross the fan a singular flow is driven
all along the spine. For fan reconnection continuous motions are imposed on any
two surfaces that cross the fan, one above the null and one below it: when these
footpoints cross the spine a singular counter-rotating swirling flow is driven at the
fan surface. The third type of reconnection is separator reconnection in which field
lines in planes perpendicular to a separator (the particular field line in the fan that
links to a neighbouring null point) have X-type topology: they may collapse to form
a current sheet and so break and reconnect.

An anti-reconnection theorem is proved as an extension to the previous two-
dimensional version (Priest et al. 1994) although the proof is much more complex. It
states essentially that steady linear reconnection is impossible and therefore that the
above spine and fan singularities cannot be resolved by magnetic diffusion alone. This
statement is illustrated analytically by an explicit general solution describing spine
reconnection. It is shown also that the fan plane may be crossed only by diffusive
flows in such a situation. The theorem holds both for incompressible and compress-
ible fluids, although the models for spine and fan reconnection are developed only
in the incompressible limit; as in two-dimensional reconnection, compressibility is
not expected to have a major impact on the nature of reconnection, although it may
well be a significant effect in the singular layers where fluid elements are strongly dis-
torted. In future it will be interesting to set up numerical experiments and determine
the role of nonlinearity and the way that jets of plasma are accelerated.

Complex configurations containing two null points will in general have the topology
shown in figure 10c. This is because the two fan surfaces in general intersect in a
curve, and this curve must go through both null points since it lies in both fans: in
other words, it is a separator. In future we plan to study the role of spines, fans and
separators in complex fields which are typical of those on the Sun and which contain
many null points.

We are delighted to acknowledge stimulating discussions with Sherry Palmer (who translated
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Clare Parnell, Jason Smith, Grisha Vekstein and Bengt Sonnerup; warm hospitality from and
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taken and financial support from the UK Particle Physics and Astronomy Research Council and
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for their kind hospitality during his visit to St Andrews University.
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